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ABSTRACT

We presenta new fastbackprojectionalgorithmfor CT fan-beam
reconstruction.Thenew algorithmoperatesdirectly on fan-beam
datawithout prior rebinningto parallel-beamprojections.Theal-
gorithm reducesthe computationalcomplexity from ��������� for
the traditionalfan-beamalgorithmto ������������� ��� . Simulations
demonstratespeedupsof greaterthan50-fold for a !#"�$&%'!("�$ im-
age,with no perceivabledegradationin accuracy. The algorithm
alsoappliesto multi-slice helical 3D reconstruction,andextends
to 3D cone-beamreconstruction.

1. INTR ODUCTION

Thedominantmodeof acquisitionin axialCT is thefan-beamge-
ometry[1–3]. Althoughoriginally a 2D method,fan-beamrecon-
structionis alsothekey componentin state-of-the-artmethodsfor
helicalandmulti-slicehelical3D (volumetric)reconstruction(see
[2] andthe referencestherein). As in parallel-beamtomography,
the preferredprocedurefor imagereconstructionfrom fan-beam
data is of the �ltered-backprojection(FBP) type. Comparedto
parallel-beamCT, thisprocedureinvolvessomeadditionalweight-
ing before�ltering andin thebackprojectionitself, andis known
asfan-beamFBP (FB-FBP).Thecomputationcostof FB-FBPis
dominatedby the(fan-beam)backprojection,which hascomputa-
tional complexity �������)� for a �*%+� -pixel image. This unfa-
vorablescalingwith resolution� , andthehigh dataratesin 3D,
andin particularin real-timeapplications(e.g.,cardiacor interven-
tional imaging),motivatethestudyof fastalgorithmsfor fan-beam
reconstruction.

Signi�cant progresshasbeenmaderecentlyin fastalgorithms
for theparallel-beamgeometry[4]. Thesealgorithmhave a com-
putationalcost of �����

�
����� ��� insteadof �����

�

� as for con-
ventionalalgorithms,and they offer speedupson the order of a
100-fold for practicalimagesizes. Other fastalgorithmsfor the
parallel-beamgeometryincludeFFTmethodsbasedon the
projection-slicetheorem[3], andtheinterrelatedmethodsof [5–8],
andtheirprecursors(see[4] for a survey andcomparison).

All fastparallel-beamalgorithmscanbeappliedto fan-beam
tomographyafter rebinningthe fan-beamdata[1–3]. The rebin-
ningprocedurerearrangesandinterpolatesfan-beam-generatedpro-
jectionsto createa new setof parallel-beamprojections.This re-
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quiresa two-dimensionalinterpolationof ray sumsin bothangu-
lar andradial directions. Higher-order interpolationcanbe used
for betterimagequalityat theexpenseof morecomputations.The
drawbacksof rebinningincludepossibleartifactsandaddedcom-
putation.This limits thespeedupobtainedby thecombinationof
rebinningandfastparallel-beamalgorithms,ascomparedto con-
ventionalfan-beamreconstruction.

Only limited work hasbeenreportedonfast“native” fan-beam
algorithms,whichoperatedirectlyonfan-beamdata,withoutprior
rebinningto parallel-beam.Initially developedfor parallel-beam
data,Nilsson's “link-based”fastbackprojectionalgorithmwasap-
proximatelyextendedto fan-beamgeometry[5–7]. Owing to the
approximationinvolved in this extension,at bestonly a modest
speedupcan be obtainedwithout objectionableimage degrada-
tion. In fact, [7] concludedthat the only approachthat provided
adequateaccuracy involved rebinning�rst to parallel-beamdata.
We arenot awareof effective fastalgorithmsfor nativefan-beam
backprojection.

Here, we proposea novel, fast native fan-beamreconstruc-
tion algorithmwithout a rebinningprocess.Like its parallel-beam
counterpart[4], our fan-beamalgorithm requires �����,���-�.�/���

time for reconstruction.It providessigni�cant speedupover con-
ventionalexact fan-beambackprojectionfor typical imagesizes,
withoutperceivabledegradationin imagequality.

2. FAN-BEAM IMA GING GEOMETRIES AND
CONVENTION AL RECONSTRUCTION

Thetwo mostcommonfan-beamsamplinggeometriesinvolveco-
linearequispaced,or equiangularlyspaceddetectors[1] Otherge-
ometriesarealsoof interest,includingtheextensionto 3D helical
fan-beamscan. In all cases,the reconstructionconsistsof a step
of weightingand�ltering, followed by weightedfan-beamback-
projection. The computationalcost of the latter dominatescon-
ventionalreconstructionalgorithms,andis thereforethe targetof
our fastalgorithm. For the sake of brevity, we discussonly one
representative geometry.

Thecolinearequispacedfan-beamgeometry, wherethedetec-
torsareevenly spacedon a straightline is illustratedin Fig. 1 The
source0 of divergentraystravelsona circulartrajectoryof radius

1

centeredat theorigin � , with thedetectorline rotatingwith it.
Thesourcepositionis indicatedby thesourceangle 2 . Thedetec-
tor line (the 3 axis) is assumed,without lossof generality, to pass
throughthecenterof rotation � of the source,andto be perpen-
dicular to thesource-to-centerline 04� . Otherwise,simplelinear
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Fig. 1. Colinearequispacedfan-beamprojectiongeometryfor an
�

%

�

subimage

coordinatescalingwill convert theactualdetectorpositionsto the
uniformspacingon thenew detectorline.

Let �

����� ��� �"!$# denotepositionin the image,andlet % ��2

�

�

�

�

denotethe 3 position of the intersectionwith the 3 -axis of the
sourceray passingthroughpoint �

� (seeFig. 1, where % ��2

�

�

&

� is
shown). The fan-beamprojection �('*) � ��2

�

3 � of the object ) at
sourceangle2 anddetectorposition 3 is theline integral alongthe
sourceray parametrizedby ��2

�

3 � . Projectionsareacquiredat +

discretesourceangles2-,

�/.10

2

�2.3�546��7-787

+:9 " with uniform
spacing0

2

�

2<;�=->"?@+ . We call �('*) � ��2
,

�-A

� (for all valuesof 3 )
a projectionat sourceangle 2

, . Themaximumsourceangle2<;�=->

is equalto $CB in thecaseof a full scan,but cantake othervalues
in thecaseof shortscanor over-scan[1].

Native (direct) inversionof fan-beamdatacanbe formulated
as a weighted�ltered backprojection[1,3]. First, the fan-beam
projectionsareindividually weightedandramp-�lteredproducing
themodi�ed fan-beamprojectionsD �

.E�

3 � , correspondingtosource
angles28, . For thesake of concisenessandgenerality, we will call
the function D �

.E�8A

� itself (for �x ed . ) a fan-beamprojection(at
angle 2-, ). The imageis then reconstructedby the conventional
discrete-anglebackprojection
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where
M

��2

�

�

�

� is an appropriateweight function. In practice,
D �

.E�

3 � is alsosampledin 3 , becauseof theuseof discretedetec-
tors. This requiresinterpolationof D in 3 to implementtheback-
projection,because% �

.10

2

�

�

�

� doesnot usuallycorrespondto an
availablesampleposition.

Becausethecomputationalcostof weightingandramp�lter -
ing is only ������� �-�.�/��� whenthe convolution is performedus-
ing FFTs,the �����

�
� costof backprojectiondominatesthecostof

conventionalfan-beamreconstruction.

3. FAST NATIVE HIERARCHICAL ALGORITHM

Thefastfan-beambackprojectionalgorithmis inspiredby thefast
hierarchicalbackprojectionalgorithm (FHBP) for parallel-beam
tomography[4]. The basic idea in the parallel-beamFHBP al-
gorithmis to partitiona large ��% � image) into four subimages

)CQ

� RS�

"

�-7�7-7 T , eachof size �U?�$
%+�U?�$ . Two propertiesof the
Radontransformareusedin thederivationof thealgorithm:(i) the
bow-tie property[3] saysthatfor ahalf-sizedimagecenteredatthe
origin, the spectralsupportof the projectionswith respectto the
angularvariableis alsodecreasedby half. This impliesthatacen-
teredhalf-sizedimagecanbereconstructedfrom half thenumber
of projections;(ii) theshift propertysaysthat theparallelprojec-
tionsof a shiftedimagecorrespondto shiftedparallelprojections
of theoriginal image.

Supposenow that + �ltered projectionsareavailableto recon-
structtheentireimage ) . To reconstructoneof thesubimages)@Q ,
the + projectionsare�rst truncatedto thesupportof theprojection
of thesubimage,thenshiftedto correspondto a centeredversion
of thesubimage,and�nally decimatedto +V?.$ projectionswith re-
spectto the angulardirection. Thecenteredversionof subimage

)CQ is thenreconstructedfrom thesenew +V?.$ projections,andthe
subimageshiftedbackto its correctlocation.This is performedfor
eachof the four subimages,which togetherprovide a reconstruc-
tion of theentireimage ) .

A total of T@W

�X+V?.$�� ���Y?.$��
�

�ZW

+��
�

?.$ operationsis neces-
saryto reconstructfour subimages.This reducesthe original re-
constructioncostby half. Applying thedecompositionrecursively
wherethe imagesize is decreasedby half at eachstep,the total
computationalcostcanbe reducedto �����

�
���.�/��� . The FHBP

algorithmhasbeenfully explainedin [4].

Here we constructsucha hierarchicalalgorithm to process
fan-beamprojectionsdirectly, without �rst rebinningto parallel
beamdata.We implementthesametypeof hierarchicalstructure,
to reconstructhalf-sizedimagesfrom half thenumberof fanpro-
jections.An immediatedif�culty thatariseswhentrying to apply
the ideasof theparallelbeamFHBP to the fan-beamscenario,is
that the shift propertyno longer applies. That is, the fan-beam
projectionsof ashiftedimage,donotcorrespondto shiftedprojec-
tions of theoriginal subimage.Becausethe parallelbeamFHBP
usesthisproperty, theapproachmustbemodi�ed for thefan-beam
scenario.

Considerthe backprojectionoperationfor a subimage)�[ ���

�

�

of ) , shown in Fig. 1. Let \^]

�

�

&

! beanimagetruncationoperator
suchthat )

[

�

\_]

�

�

&

!

) is asubimageof ) of size
�

%

�

centered
at �

[

�

�

&a`cb

� . Thebackprojectiononto subimage)

[ using d

projectionsatsourceangles.P0

2

�@.��e4f7-7-7

d39 " followsdirectly
from (1) andis givenby )�[
���

�

�

�:g

]ih j

�

�

&

!

D �-�

�

� where g

]ih j

�

�

&

! is
the associatedbackprojectionoperator. Thus, in particular, )

�

gNk

h

F

�

�

4@!

D .

Becauseof thelocality of thebackprojection,only partof the
projection D �

.E�lA

� contributesto the backprojectiononto )
[ . We

denotethis partby m\
]

�

�

&

!

D , where m\
]

�

�

&

! is theoperatorthat,for
each2-, , truncatesD �

.��8A

� in 3 to thesupportnpo of theprojection
of the supportof the subimage)

[

�

\^]

�

�

&

!

) (seeFig. 1). The
truncationintervals determining m

\_]

�

�

&

! can be precomputedfor
all angles2-, , andsubimagesizes

�

andlocations �

&

of interest.

It follows from the localizationof backprojectionthat if )

�
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that is, thebackprojectiononto ) [ canbe obtainedby a backpro-
jectionof size �

�

�

+ � of theappropriatelytruncatedprojections.
Considernow a partition of the image ) into T nonoverlapping
subimages,eachof size ���Y?.$�� % ���U?�$�� ,
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where �

&

�

��� �

"

�-7�787 T arethecentersof thesubimages.Applying
(2), we obtainthefollowing exactdecompositionfor thebackpro-
jection,into backprojectionsontothesubimages.
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By itself, thisdecompositiondoesnotprovideaspeedupcompared
to single-stepbackprojectiongNk

h

F . Indeed,while the computa-
tional cost W

���Y?.$��
�

+ of singlesubimagebackprojectiong

]ih

F is
T timessmallerthanfor the single-stepg�k

h

F for the full image,
thetotal costfor therequiredT suchsubimagebackprojectionsre-
mainsthesame(possiblywith somesmalladditionaloverheadfor
bookkeeping).

The fastalgorithmis basedon reconstructionof a subimage
)

[

�

\
]

�

�

&

!

) from a reducednumber, +V?�� , of projections.This
reductionprocessis performedby shifting the truncatedprojec-
tions, m

\^]

�

�

&

!

D ��28,

�

3 � of )

[ , by % ��2

�

�

&

� in 3 (seeFig. 1), decimating
the + projectionsin angleinto +V?	� projections,andshiftingback
in 3 by 9V% ��2

�

�

&

� .
Using 
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�

�

�

�

&

! to denotetheprojectionreductionoperator,
the exact formula (2) for backprojectiononto subimage)�[ is re-
placedby theapproximation
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whereg

]ih

F

��� is a backprojectionontoan
�

%

�

subimageus-
ing +V?	� projections.This leadsto anapproximatedecomposition
of thebackprojectionoperationfor apartitionedimagethatis anal-
ogousto (4),

)

� gNk

h

F

�

�

4C!

D

�

�

J

�

K

I

g

k
�

�

h

F

�

�

�

�

&

�

!




�

$

�

�Y?.$

�

�

&

�

!

D

7 (7)

This decompositionis illustratedin Fig. 2.
Thedecomposition(7) is appliedrecursively, ateachlevel fur-

ther partitioningthe subimagesinto smallersubimagesin accor-
dancewith (3). The recursioncanbe continueduntil the subim-
agesareof somedesiredminimumsize

����� �

, andthentheback-
projectionsg

F���� �

h ]

��� � performed.Theoptimum
�

��� �

is usually
implementation-dependent.It canbechosenassmallas

�
��� �

�

" , so that the smallestsubimagesare1 pixel in size. In this case
therewill be �����

�

� decompositionlevels. The last level will in-
volve �

� singlepixel backprojectionsg

F

� k

h

I , with a total costof
W

+�� . Assuming�x ed lengthinterpolatorsareusedfor thedeci-
mationandshift operationsin theimplementationof 
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Fig. 2. Approximatedecompositionof the fan-beambackprojec-
tion, with reductionof numberof projections.

W

I

� + . Thetotalcostof the �����

�

� levelsis therefore���X+�� ����� ��� ,
andbecause+

�

������� , thetotal costof therecursive decompo-
sition algorithmbecomes�����

�
�-�.�/��� .

Theimplementationof therecursive decompositionis simpli-
�ed by the following observation. The operationsof projection
shift in 3 andprojectiontruncationcommute(with appropriateco-
ordinatetransformations).Therefore,the shift operationof one
stage,canbecombinedwith thatof thefollowing stage.Likewise,
theshift operationoccurringjust beforethe �nal subimageback-
projectiong

]

��� �

h

F
��� � canbecombinedwith theinterpolationop-

erationsin the backprojectionitself. Thus, in a recursive imple-
mentation,


�

�

�

�

�

�

&

�

! requiresonly oneprojectionshift stepper
stage.

In practice,projectiondataareacquiredby discretedetectors
and thereforesampledin 3 with interval 6 . Becausethe �ltered
projectionsarebandlimitedin 3 , the requiredprojectionshifts by
noninteger multiples of 6 can be accomplishedusing a combi-
nationof interpolationandresampling[4]. Importantly, with the
speci�c projectionshifting schemeproposedhere, the sampling
interval of the projectionsremainsuniform andconstant,so that
theinterpolationandresamplingcanbeef�ciently implementedby
simpledigital �lters. Becausethe fractionalshifting errordecays
exponentiallywith thelengthof the�lter , short�lters – evensim-
ple linearinterpolation– usuallysuf�ce. The 3 -interpolationaccu-
racy alsoincreasesby oversamplingtheprojectionsin 3 , which, if
desired,canbeperformedef�ciently by digital interpolationof the
projections.

Theaccuracy of thebackprojectionobtainedusingtheapprox-
imatedecompositioncan be increasedby angularoversampling,
that is increasingtheratio �X+V?	� � ?

�

betweenthenumberof pro-
jectionsusedin the backprojections,and the size of the subim-
ages.This canbeachievedby usingexactdecompositions,which
decreasethe sizeof the subimageswithout reducingthe number
of projections.Therecursive decompositionusuallyincludessuch
exactdecompositionsteps,whosenumberd providesyet another
methodto controlthetradeoff betweenaccuracy andcomputation.

In summary, animportantdistinctionbetweenthehierarchical
fan-beamalgorithmandtheparallel-beamFHBPof [4], is thatno
shifting and recenteringof subimagestakes place; instead,only
projectionsare shifted. All subimagebackprojectionoperations
areperformedin absoluteimagecoordinates,to preserve thecor-
rect weighting in (1), which dependson thesecoordinates.The



sameprinciplesallow to extend the algorithm to 3D cone-beam
backprojectionfor variousscanninggeometries.

4. SIMULA TION RESULTS

We usedtheso-calledunmodi�ed Shepp-Loganheadphantomof
size � % �

�

!(" $ % !#"�$ phantom,with a realistic (andhigh)
contrastbetweentheskull andbrain. This presentsa challenging
testfor thealgorithm,becauseevenslight artifactscreatedby the
reconstructionof theskull areprominentonthebrainbackground.

We setthe source-to-image-centerdistanceto 1.25 timesthe
imagesize,i.e.,

1

�

"

7

$.!.� , andthetotal fanangleto $�� L

�

"

7

"

�

radians,with 1025detectorson the fan. We generatedfull-scan
fan-beamprojectiondatawith +

�

"

4

$

T evenly spacedsource
angles,28,

`

� 46�

$CB

! for the 10-ellipsephantom,usinganalytical
expressionsfor theline integralsthroughanellipse[1].

Figure3 comparestheexactbackprojectionalgorithmandour
fastfan-beambackprojectionalgorithm. Thespeedupsof thefast
algorithmsare %��

4 and %��

4 for d

�

" and d

�

$ exactdecom-
positionsin therecursion,respectively. Thereconstructionsusing
theconventionalexactandthefastbackprojectionalgorithmsshow
little if any perceptualquality differenceat eitheroperatingpoint.
The point-spread-functions(not shown) for the exact andfastal-
gorithmarevirtually identical.
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