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ABSTRACT

We presenta new fastbackprojectioralgorithmfor CT fan-beam
reconstruction.The new algorithmoperateglirectly on fan-beam
datawithout prior rebinningto parallel-beanprojections.Theal-

gorithm reducesthe computationakcompleity from for
the traditionalfan-beanalgorithmto . Simulations
demonstratspeedupsf greaterthan50-fold for a im-

age,with no percevabledegradationin accurag. The algorithm
alsoappliesto multi-slice helical 3D reconstructionand extends
to 3D cone-beanmeconstruction.

1. INTRODUCTION

Thedominantmodeof acquisitionin axial CT is thefan-beange-
ometry[1-3]. Althoughoriginally a 2D method fan-beanrecon-
structionis alsothekey componentn state-of-the-annethodsfor
helicalandmulti-slice helical 3D (volumetric)reconstructior{see
[2] andthereferencesherein). As in parallel-beamomography
the preferredprocedurefor imagereconstructiorfrom fan-beam
datais of the Itered-backprojection(FBP) type. Comparedto
parallel-beanCT, this procedurenvolvessomeadditionalweight-
ing before Itering andin the backprojectiontself, andis known
asfan-beanFBP (FB-FBP).The computationcostof FB-FBPis
dominatedby the (fan-beampackprojectionywhich hascomputa-
tional compleity for a -pixel image. This unfa-
vorablescalingwith resolution , andthe high dataratesin 3D,
andin particularin real-timeapplicationge.g.,cardiacor interven-
tionalimaging),motivatethe studyof fastalgorithmsfor fan-beam
reconstruction.

Signi cant progres$iasheenmaderecentlyin fastalgorithms
for the parallel-beangeometry{4]. Thesealgorithmhave a com-
putational cost of insteadof as for con-
ventionalalgorithms,and they offer speedupn the order of a
100-fold for practicalimagesizes. Otherfastalgorithmsfor the
parallel-beangeometryincludeFFT methodsbasedn the
projection-slicaheoreni3], andtheinterrelatednethodof [5-8],
andtheir precursorgsee[4] for a surney andcomparison).

All fastparallel-beamalgorithmscanbe appliedto fan-beam
tomographyafter rebinningthe fan-beandata[1-3]. The rebin-
ningprocedureearrangeandinterpolategan-beam-generateuio-
jectionsto createa new setof parallel-beanprojections.This re-
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quiresa two-dimensionalinterpolationof ray sumsin both angu-
lar andradial directions. Higherorderinterpolationcan be used
for betterimagequality at the expenseof morecomputationsThe
dravbacksof rebinninginclude possibleartifactsandaddedcom-
putation. This limits the speedumbtainedby the combinationof
rebinningandfastparallel-beamalgorithms,ascomparedo con-
ventionalfan-beanreconstruction.

Only limited work hasbeernreporteconfast‘native” fan-beam
algorithmswhich operatalirectly onfan-beandata,without prior
rebinningto parallel-beam.Initially developedfor parallel-beam
data,Nilsson's“link-based”fastbackprojectioralgorithmwasap-
proximatelyextendedto fan-beangeometry{5-7]. Owingto the
approximationinvolved in this extension,at bestonly a modest
speedupcan be obtainedwithout objectionableimage degrada-
tion. In fact, [7] concludedthat the only approachthat provided
adequateaccuray involved rebinning rst to parallel-beandata.
We arenot awareof effective fastalgorithmsfor nativefan-beam
backprojection.

Here, we proposea novel, fast native fan-beamreconstruc-
tion algorithmwithout arebinningprocessLikeits parallel-beam
counterpart[4], our fan-beamalgorithm requires
time for reconstructionlt providessigni cant speedupver con-
ventionalexact fan-beanmbackprojectiorfor typical imagesizes,
without percevabledegradationin imagequality.

2. FAN-BEAM IMA GING GEOMETRIES AND
CONVENTION AL RECONSTRUCTION

Thetwo mostcommonfan-beansamplinggeometriesnvolve co-
linearequispacedyr equiangularlyspacedetectorg1] Otherge-
ometriesarealsoof interest,ncludingthe extensionto 3D helical
fan-beamrscan. In all casesthe reconstructiorconsistsof a step
of weightingand lItering, followed by weightedfan-beamback-
projection. The computationakostof the latter dominatescon-
ventionalreconstructioralgorithms,andis thereforethe tamget of
our fastalgorithm. For the sale of brevity, we discussonly one
representagie geometry
Thecolinearequispacefian-beangeometrywherethedetec-
torsareevenly spacedn astraightline is illustratedin Fig. 1 The
source of divergentraystravelsonacirculartrajectoryof radius
centeredattheorigin , with the detectodine rotatingwith it.
Thesourcepositionis indicatedby the souceangle . Thedetec-
tor line (the axis)is assumedwithout lossof generality to pass
throughthe centerof rotation  of the source,andto be perpen-
dicularto the source-to-centdine = . Otherwise simplelinear



Fig. 1. Colinearequispacedan-beanprojectiongeometryfor an
subimage

coordinatescalingwill corverttheactualdetectompositionsto the
uniform spacingon the new detectoiine.

Let denotepositionin theimage,andlet
denotethe position of the intersectionwith the -axis of the
sourceray passingthroughpoint (seeFig. 1, where is
shavn). The fan-beamprojection of the object at
sourceangle anddetectomosition is theline integral alongthe
sourceray parametrizedy . Projectionsare acquiredat
discretesourceangles with uniform
spacing . We call (for all valuesof )
aprojectionatsourceangle . Themaximumsourceangle
is equalto in the caseof afull scan,but cantake othervalues
in the caseof shortscanor over-scan[1].

Native (direct) inversionof fan-beandatacanbe formulated
asa weighted Itered backprojection[1,3]. First, the fan-beam
projectionsareindividually weightedandramp- Itered producing
themodi ed fan-beanprojections , correspondingo source
angles . Forthesale of concisenesandgeneralitywe will call
the function itself (for x ed ) a fan-beamprojection(at
angle ). Theimageis thenreconstructedy the corventional
discrete-anglé&ackprojection

@)

where is an appropriateweight function. In practice,
is alsosampledn , becausef the useof discretedetec-
tors. This requiresinterpolationof in to implementthe back-
projection,because doesnot usuallycorrespondo an
availablesampleposition.

Becausdhe computationatostof weightingandramp Iter -
ing is only whenthe convolution is performedus-
ing FFTs,the costof backprojectiordominateghe costof
corventionalfan-beanreconstruction.

3. FAST NATIVE HIERARCHICAL ALGORITHM

Thefastfan-beanbackprojectioralgorithmis inspiredby thefast
hierarchicalbackprojectionalgorithm (FHBP) for parallel-beam
tomography[4]. The basicideain the parallel-beam~HBP al-
gorithmis to partitionalarge image into four subimages

, eachof size . Two propertiesof the
Radontransformareusedin thederivation of thealgorithm: (i) the
bow-tie property[3] saysthatfor ahalf-sizedmagecenteredtthe
origin, the spectralsupportof the projectionswith respecto the
angularvariableis alsodecreasetly half. Thisimpliesthatacen-
teredhalf-sizedimagecanbe reconstructedrom half the number
of projectionsj(ii) the shift propertysaysthatthe parallelprojec-
tions of a shiftedimagecorrespondo shiftedparallelprojections
of theoriginalimage.

Supposeaow that  Itered projectionsareavailableto recon-
structtheentireimage . To reconstrucbneof thesubimages ,
the projectionsare rst truncatedo thesupportof theprojection
of the subimagethenshiftedto correspondo a centeredversion
of thesubimageand nally decimatedo projectionswith re-
spectto the angulardirection. The centeredversionof subimage

is thenreconstructedrom thesenew projections,andthe
subimageshiftedbackto its correctlocation. Thisis performedor
eachof the four subimageswhich togethermrovide a reconstruc-
tion of theentireimage .

A total of operationss neces-
saryto reconstrucfour subimages.This reduceshe original re-
constructiorcostby half. Applying thedecompositiomecursvely
wherethe imagesizeis decreasedy half at eachstep,the total
computationakostcanbe reducedto . The FHBP
algorithmhasbeenfully explainedin [4].

Here we constructsuch a hierarchicalalgorithmto process
fan-beamprojectionsdirectly, without rst rebinningto parallel
beamdata.We implementthe sametype of hierarchicaktructure,
to reconstruchalf-sizedimagesfrom half the numberof fan pro-
jections. An immediatedif culty thatariseswhentrying to apply
the ideasof the parallelbeamFHBP to the fan-beanscenariojs
that the shift propertyno longer applies. That s, the fan-beam
projectionsof ashiftedimage,donotcorrespondo shiftedprojec-
tions of the original subimage.Becausehe parallelbeamFHBP
useghis property theapproachmustbemodi ed for thefan-beam
scenario.

Considerthe backprojectionoperationfor a subimage
of ,shavnin Fig. 1. Let be animagetruncationoperator
suchthat isasubimagef of size centered
at . The backprojectioronto subimage using
projectionsatsourceangles follows directly
from (1) andis given by where is
the associatedackprojectioroperator Thus,in particular

Becausef thelocality of the backprojectionpnly partof the
projection contributesto the backprojectioronto . We

denotethis partby , Wwhere is the operatotthat, for
each ,truncates in tothesupport  of theprojection

of the supportof the subimage (seeFig. 1). The
truncationintenals determining can be precomputedor
all angles , andsubimagesizes andlocations of interest.

It follows from thelocalizationof backprojectiorthatif



then
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thatis, the backprojectioronto  canbe obtainedby a backpro-
jection of size of the appropriatelftruncatedprojections.
Considernow a partition of theimage into nonoverlapping
subimageseachof size ,

®)

where arethe centersof the subimagesApplying
(2), we obtainthe following exactdecompositiorfor the backpro-
jection,into backprojection®ntothe subimages.

(4)

By itself, thisdecompositiomoesnotprovide aspeedugompared
to single-stepbackprojection . Indeed,while the computa-
tional cost of singlesubimagebackprojection is
timessmallerthanfor the single-step for the full image,
thetotal costfor therequired suchsubimageackprojectionse-
mainsthe same(possiblywith somesmalladditionaloverheador
bookleeping).
The fastalgorithmis basedon reconstructiorof a subimage
from areducechumbey , of projections.This
reductionprocesss performedby shifting the truncatedprojec-
tions, of by in (seeFig.1),decimating
the projectionsn angleinto projectionsandshifting back
in by
Using to denotethe projectionreductionoperator
the exact formula (2) for backprojectioronto subimage is re-
placedby theapproximation

Q)
(6)

where is abackprojectiorontoan subimageus-
ing projections.This leadsto anapproximatalecomposition
of thebackprojectioroperatiorfor a partitionedmagethatis anal-
ogousto (4),

@)

This decompositioris illustratedin Fig. 2.

Thedecompositior{7) is appliedrecursvely, ateachlevel fur-
ther partitioningthe subimagesnto smallersubimagesn accor
dancewith (3). Therecursioncanbe continueduntil the subim-
agesareof somedesiredminimumsize , andthentheback-
projections performed.Theoptimum is usually
implementation-dependerit. canbe choserassmallas

, sothatthe smallestsubimagesre 1 pixel in size. In this case
therewill be decompositiorievels. Thelastlevel will in-
volve  singlepixel backprojections , with atotal costof

. Assuming x ed lengthinterpolatorsare usedfor the deci-
mationandshift operationsn theimplementatiorof
it canbe shavn thatthe computationakostof eachlevel will be
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Fig. 2. Approximatedecompositiorof the fan-beanbackprojec-
tion, with reductionof numberof projections.

. Thetotal costof the levelsistherefore
andbecause , thetotal costof therecursve decompo-
sition algorlthmbecomes

Theimplementatiorof therecursve decomposmons simpli-
ed by the following obsenration. The operationsof projection
shiftin andprojectiontruncationcommute(with appropriateco-
ordinatetransformations). Therefore,the shift operationof one
stage canbe combinedwith thatof thefollowing stage Lik ewise,
the shift operationoccurringjust beforethe nal subimageback-
projection canbecombinedwith theinterpolationop-
erationsin the backprojectionitself. Thus,in arecursve imple-
mentation, requiresonly oneprojectionshift stepper
stage.

In practice,projectiondataareacquiredby discretedetectors
andthereforesampledin  with intenal . Becausehe ltered
projectionsare bandlimitedin , the requiredprojectionshifts by
noninteger multiplesof  can be accomplishedusing a combi-
nation of interpolationandresampling/4]. Importantly with the
speci ¢ projectionshifting schemeproposedhere, the sampling
interval of the projectionsremainsuniform and constant,so that
theinterpolatiorandresamplingcanbeef ciently implementedy
simpledigital lters. Becausehe fractionalshifting errordecays
exponentiallywith thelengthof the Iter, short Iters —evensim-
ple linearinterpolation—usuallysufce. The -interpolationaccu-
rag/ alsoincreasedy oversamplinghe projectionsin , which, if
desiredcanbeperformedef ciently by digital interpolationof the
projections.

Theaccurayg of thebackprojectiorobtainedusingtheapprox-
imate decompositiorcan be increasediy angularoversampling,
thatis increasingheratio betweerthe numberof pro-
jectionsusedin the backprojectionsand the size of the subim-
ages.This canbe achieved by usingexactdecompositionsyhich
decreasehe size of the subimageswvithout reducingthe number
of projections.Therecursie decompositiorusuallyincludessuch
exactdecompositiorstepswhosenumber  providesyetanother
methodto controlthetradeof betweeraccurag andcomputation.

In summaryanimportantdistinctionbetweerthehierarchical
fan-beamalgorithmandthe parallel-beantHBP of [4], is thatno
shifting and recenteringof subimagegakes place; instead,only
projectionsare shifted. All subimagebackprojectionoperations
areperformedin absoluteémagecoordinatesto presere the cor-
rectweightingin (1), which dependson thesecoordinates.The



sameprinciplesallow to extend the algorithmto 3D cone-beam
backprojectiorfor variousscanninggeometries.

4. SIMULATION RESULTS

We usedthe so-calledunmodi ed Shepp-Logameadphantomof
size phantom,with a realistic (and high)
contrastbetweerthe skull andbrain. This presentsa challenging
testfor the algorithm,becauseven slight artifactscreatecby the
reconstructiorof theskull areprominenton thebrainbackground.

We setthe source-to-image-centelistanceto 1.25timesthe
imagesize,i.e., , andthetotalfanangleto
radians,with 1025 detectorson the fan. We generatedull-scan
fan-beamprojectiondatawith evenly spacedsource
angles, for the 10-ellipsephantom,using analytical
expressiongor theline integralsthroughanellipse[1].

Figure3 compareshe exactbackprojectioralgorithmandour
fastfan-bearrbackprojectioralgorithm. The speedupsf the fast
algorithmsare and for and exactdecom-
positionsin therecursionrespectrely. Thereconstructionsising
thecorventionalexactandthefastbackprojectioralgorithmsshav
little if ary perceptuabuality differenceat eitheroperatingpoint.
The point-spread-functionot shavn) for the exactandfastal-
gorithmarevirtually identical.
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Fig. 3. Comparisorof exactandfastfan-beanbackprojectiongor
colinearequispacedletectors.



