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O(N3 log N') Backprojection Algorithm for the 3-D
Radon Transform

Samit BasuMember, IEEEand Yoram Bresler*Fellow, IEEE

Abstract—\We present a novel backprojection algorithm for transform. A method for inverting the 3-D radon transform can
three-dimensional (3-D) radon transform data that requires then be used to perform the reconstruction.

< : . \ .
O(N” log, ) operations for reconstruction of anN x N X N |y gither case, whether the 3-D radon transform data arises

volume from O(IN?) plane-integral projections. Our algorithm . .
uses a hierarchical decomposition of the 3-D radon transform to by cone beam data collection followed by a transformation, or

recursively decompose the backprojection operation. Simulations DY direct acquisition, the reconstruction problem requires inver-
are presented demonstrating reconstruction quality comparable sion of the 3-D radon transform. Unfortunately, in three dimen-

to the standard filtered backprojection, which requires O(N®)  sions, the standard filtered backprojection (FBP) algorithm is

computations under the same circumstances. computationally very expensive, requiririg( N>) operations
Index Terms—Backprojection, 3-D radon transform, fast algo-  for recovery of an¥V? volume from N3 samples of the radon

rithm, hierarchical, cone beam tomography. transform. The standard fast algorithm for reconstruction is the

well-known algorithm of Maret al.[7]. This algorithm is based

on a factorization of the 3-D radon transform into 2-D radon

|. INTRODUCTION ( ¢ d leads ultimately t NY) backbroiect
ECONSTRUCTION of three-dimensional (3-D) objects;f“(‘)srit%r::s' and leads ultimately to (™) backprojection
from their plane-integral projections has been a problemg . .
) : Recently, however, a number of even faster algorithms have
of great interest for well over a decade. Data in the form of .
en proposed to perform reconstruction from 3-D radon

plane-integral projections, also known as samples of the 3¥ransform data iO(N? log, ') operations [7]-[9]. These fast

radon transform [1] (distinct from the line-integral data o : L
. . . ... methods are generally extensions of preexisting fast methods
the X-ray transform) arises in several important applications. . .
_ ; . . . or the 2-D radon transform, and are either reformulations
First, in some imaging modalities, such as magnetic resonan(fe

imaging (MRI) or synthetic aperature radar (SAR), itis possib 2'[.) te.chmqfuehs for the 3-D problfem, or utilize FhefMarr
to sample the 3-D radon transform directly [1], [2]. In fact inactonzaﬂon of the 3-D ragion transform mtq a pair of 2-D
e . Jadon transforms along with fast 2-D algorithms. To these

MRI, data acquisition modes corresponding to samples of t%a?Ng log, N) algorithms we might add one that can be
3-D radon transform, known as 3-D-projection modes, ma%/ 82

offer advantages in terms of robustness to motion artifac gnstructed by combining the Marr decomposition of [6] with

S 4 . L !
(e.g., see [3]). Second, much current research has focuse ur own fast hierarchical backprojection (FHBP) algorithm for
.g., . , o)

S . . 2-D radon transform [10].
the derivation of reconstruction algorithms for the cone-beam . .
o . . In this paper, we present an extension of our 2-D FHBP
acquisition geometry, which assumes a point source and a . o i
. . . . algorithm to a fast backprojection algorithm for the 3-D radon
two-dimensional (2-D) detector. An important class of inver-

sion techniques, such as Grangeat’s method or Smith’s met?—t@?“smrm' The resulting algorithm, which we dub the 3-D

o BP, is a new method for fast backprojection with a cost of
[4], [5], process the cone-beam projections to produce samp 3 ) . 3
: - . (SN log, N') operations for reconstructing’é* volume from
of the first derivative or Hilbert transform of the 3-D radon_.} . .
N° samples of the 3-D radon transform. The new algorithm is
a “native” 3-D algorithm, and does not rely on the factorization
, _ , of the 3-D radon transform into a pair of 2-D radon transforms,
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resampled (interpolated) to the separable sample set. In care /»(Z?), the space of 3-D square-summable sequences in-
trast, our algorithm may be used directly with “native” samdexed byZ?, L.(R?), the space of square-integrable 3-D func-
pling patterns, eliminating the need for such resampling. Altetions on R?’,ngp(z), the P x P-wise Cartesian product of
natively, our algorithm may be used with a more efficient uni&(7), and LY *”(R), the P x P-wise Cartesian product of
formly spaced grid on the unit sphereData may be directly Lo (R). A typical element ofL,(R?) is a continuous-space 3-D
acquired on this grid (e.g., in MRI), or resampled to it. object (density), while a typical element é§(Z*) is a dis-

The proposed 3-D-FHBP algorithm consists of the followingrete/sampled 3-D object. On the other hand, a typical element
steps. The original FBP reconstruction calls for the backprof LY *”(R) is a collection of P? continuous-time 1D func-
jection of N2 (filtered) plane-integral projections onto/d® tions g.(r, m,n), which represent projections of a continuous
volume. Each projection is a 1D function corresponding to ir3-D object, and are indexed by, n € {0,1,...,P — 1}, and
tegrals over parallel planes. However, using properties of thee R. A typical element of the spadg ™" (Z) is a collection
backprojection, we decompose this into a sum of eight back P? discrete-time sequencgék, m, n), as might be obtained
projections, each oN? plane-integral projections onty3/8 by sampling an element df; *”'(R) in the “radial” direction,
volumes, where each volume represents one octant of the rec¥if indexed byn,n € {0,1,..., P — 1}, andk € Z.
struction, centered at the origin. We then note that these backYVe will assume that the data collected are samples of the 3-D

. . r 3 N 3 rPxr
projections are “oversampled”, and that the number of plane-fdon transform, defined b > : L(R®) — Ly " (R)
tegral projections needed to characterize each volume can be re-
duced by a factor of four. This “scaling” rule is based on a samy..(s,m,n) = Rp f.(s,m,n) = / fel@)o(x - wp n — 5)dx
pling result of [1], and states that for a fixed image bandwidth, R?

the nu?[n_ber of prpjectionSQneede_d to reconstruct a volumepfieres is the Dirac delta distributiony,,, ,, are the unit vectors
size N* is proportional taN=, provided that the projection an-i, he direction of the angular sample locations, amgnotes

gles satisfy some technical conditions (see Appendix B). Thyge standard dot product &¥. For fixedm, n, the 1D function
each of the eight backprojections can be replaced by a backm%-n(s) = Rpf.(s,m,n) will be called a projection of, in
jection 0fN2/4 plane-integral projections onfy®/8 volumes. the7 directionw,y, ,,. While the 3-D-FHBP algorithm can work
This results in a factor of four savings in computation over a digith a variety of sampling patterns, for the sake of simplicity,

rect baCkpl’OjeCtion. If the algorithm is then applled rchrSiVeWe will work in this paper with the Separab'e Samp"ng paﬁern
to each of the octant backprojections, the resulting algorithiefined in spherical coordinates by

hasO(NN3log, N) cost. Thus, reconstruction is possible in a

very small fraction of the time necessary for a regular FBP. sin((m + 0.5)Ag) cos(nA8f)
The paper is organized along lines similar to [10]. In Sec- W = | sin((m +0.5)A¢) sin(nAf)
tion I, we first derive an exact hierarchical decomposition of cos((m + 0.5)A¢)
the backprojection operation. We then use heuristic arguments m,n € {0,...,P—1} (1)

in Section Il to construct the fast (and approximate) algorithm.
In Section IV, we demonstrate the performance of our algorithwhere A¢ = A8 = (2x/P). Note thaip andf are the azimuth
on a standard 3-D phantom. Conclusions and proposals for find elevation angles, respectively.
ture research are given in Section V. We start with the well known 3-D FBP reconstruction for the
3-D radon transform, which estimates the objécte L»(R?)
[I. HIERARCHICAL DECOMPOSITION OF THE3-D as
BACKPROJECTION

In this section, we will derive a hierarchical decomposition Je=BrFg. )
of the 3-D backprojection. In order to construct an accurate qﬁhereBp . LPXP(R) — Ly(R®) is the weighted, radially
composition, we will need to explicitly incorporate the variou§ ntinuous baékprojection defined as '
discretizations that are commonly used in the formulation oP '

the reconstruction problem. Furthermore, to simplify the ma- P_1pP_1

nipulations as much as possible, we will use an operator f@zg.(x) = Z Z sin((m + 0.5)A¢)

mulation, and closely follow the notation of [10]. Hence, op- m=0 n—=0

erators between discrete spaces will be denoted using a bold X 9@ - Wiy m, ) APAS  (3)

Roman font, and operators between continuous spaces, or be-
tween continuous and discrete spaces will be denoted using ®ve recall that if data with this sampling pattern is available, then the elegant

script font. The Hilbert spaces that will arise in the formulatiomethod of [6] can be used to obtain reconstruction@{iv*) operations.
40ur somewhat unusual choice ¢f, = (m + 0.5)A¢ ensures that the
samples at the “north and south poles”, ig& {0, 7} are excluded. Further-
more, because of the inherent symmetry of the spherical coordinate system,
2In [6] it was claimed that the separable sampling pattern is suboptimal, b&s.,., = Wp_m_1,p/24n ANAW.r . = —Wp/2_ p_1,p/24n TOF M, 0 €
cause the samples are not uniformly (in the sense of samples per unit surfete .. P/2 — 1}. The radon transform therefore has similar symmetries,
area) distributed on the unit sphere. A similar conclusion follows from our dig-.(s, m.n) = g.(s, P—m—1,P/24+n) = g.(—s, P/2—m—1,P/2+n),
cussion in Appendix B of Natterer's results on resolution [1], becuase the sepraplying that the set of projectionsy. (s, m. n) 5:7}:0 has a fourfold redun-
rable pattern is redundant, containing about twice the number of point sufficiexaincy. Although we use this fact in our implementation, we omit this nuance in
to ensure that a general sampling pattermisesolving. the sequel to simplify the presentation.
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andF : L;”"(R) — L;”"(R) is a radial convolution oper- <¢——¢——¢——¢——¢—¢——¢———¢» 0 =0

ator, defined by 3T oT T o0 T oT 3T r
<—‘—o—’—o—'—o—’—o—’—o—‘—o—’—o—‘—» mn =-5
Fge(s,m,n) = //3(8—t)9c(t,m,ﬂ) dt @ 31 ot T 0o T 2T 3T

ig. 1. The effect of, ., on the sample locations for the radial coordinate of

where/ is a suitably chosen apodized second derivative filt o OV
e projection at directiow,, ,, .

B(s).

In practice it is impossible to implement (2) for two ) )
reasons. First, we do not have access to the continuous prol "€ Operatos : Ly(R®) = £5(2°) is the generalized sam-
jectionsg.(s, m,n), but rather to a sampled set of projectiongl'ng' or.molllflcatlon, opergtor that rgpresents.the sampling of
9(l,m,n) = Rpf.(IT,m,n). We can handle this by applyingthe continuous reconstruction on a discrete grid (Step 3)
standard DSP techniques to the sampled data, and approxi-
mating the continuous convolution with a discrete one. Second, Sg.(z) = / ge(x)b(x — 2) da.
the left hand side of (2) is a continuous reconstruction that R
must be discretized to be represented on a computer. Henpge functiont € L,(R®) is usually taken to be the indicator
any implementation of (2) is ideally composed of the followingunction for a unit-size voxel, or the indicator function for a

four steps. sphere, so that the samples represent local averages of the recon-
1) Radial interpolation of the projection data to continuoustruction. Smoother choices bimay be more amenable to es-
projections. timating derivatives from the reconstruction, but for simplicity,

2) Backprojection via (3) to a continuous reconstruction. we will chooseb to be the indicator for a radiuk2 sphere.
3) Sampling of the reconstruction on a uniform grid to obtain The final operatoK y : #2(Z%) — #¢2(Z?) is the discrete

a discrete reconstruction. truncation operator (Step 4) that zeros all samples outside a
4) Truncation of the discrete reconstruction to the size @blume of sizeN x N x N
interest.

We will define the operator which implements these steps as the
discrete backprojection operatoand denote iB7, .

The operatoB7, ,, maps radially sampled radon transform we can write an explicit expression f&7, , by combining

data backto areconstruction withx N x N support. The oper- the relevant operator definitions. It is simple to show that
atorBY, - depends on a matrix of parameters [—.5,.5]"*",

which we will describe shortly. For notational brevity, we WilBY, y g(z) =

N N
z —5 < 2,220,273 <X &
K]\,g(z):{g( )? eISQe 1,22,43 > 2 )

occasionally writéB p, -, when the specific value faris unim- Eom.n ‘ N e N
portant to the discussion. g:m 2 2 I T Mz b cle L2 =
Based on the steps given above, the discrete backprojection )
is defined as
. where
B% v = KnSBpZ: 5)

e komn = sin[(m 4+ DA /bz—z Pk + Tmon
where operatof, : /2(73) — Lo(R?) is the radial interpola- b, I JAd] . ( I )
tion operator (Step 1) — T Wpnldr. (8)

B With B7 y so defined, we note that the cost of computing
Lrg(s,m,n) = Zg(k’m’”)w(T(k +Tmn) =) (6) B7, yg (which dominates the FBP) i©(P>N?) operations,
kez assuming that (and thus;) has small support. IP = O(N),

The functions) is the radial interpolation kernel. For the caséen we recover th©)(N?) cost for the standard backprojec-
of linear radial interpolation, we would choosét) = A(¢), Uon. Our goal in this paper is to derive a fast approximation to

where B7, v by constructing a hierarchical decomposition for it. We
begin by constructing an exact, but slé¥N°) decomposition
A@) = { - %7 lt| <T for it. The result is a decomposition @7, ,, as a sum of
0, else. backprojections onto smaller volumes, which are then shifted
and added to form the larger volume.
The parameter € [—.5,.5]7*" is a matrix whosemn, nth In order to construct a valid decomposition of the backprojec-

term is the phase of the radial sampling locations for projetien operation, we need a crucial property of the backprojection
tion directionw,,, .. With 7,,, , = 0, the radial samples for the operation:backprojection is local, i.e., each point in the back-
m,nth projection are located &t..,—27,-7,0,7,27,...). projected volume is affected only by projection data for planes
With 7,,, , # 0, these sample locations will be shiftedhy ,,7". passing through a neighborhood of that poiAs a result, when
The effect ofr,,, ,, on the sample locations is illustrated in Fig.1backprojecting onto a portion of the final volume, we will be
The role ofr will be discussed later. able to ignore all projection data that does not affect points in
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that portion of the volume. To see the argument formally, wé/e will also need shifting operations in the radon transform
first consider the operatd7, ,,, which can be written explic- domain. The third shifter is a discrete projection radial shifter

itly (by expanding (5) withV = M) as Zs : L77F(2) — £5%T(7) for 6 € 77*7, defined by
BFa9(2) = > > > gk, m,n)sin((m + 1)Ag) Zog(k,m,n) = g(k = 8y m; )
koomon and the fourth and final shifter is a continuous projection radial
X APpAG / b(x — 2)P[T(k + Trm.n) shifter Mg : LY*P(R) — LY*P(R) for § € RP*, defined
R b
Czewmndz |2 < M)2 o

M&Qc (7)7 m, 7’L) = gc(T - 6m,n7 m, 7’L)
where|| - |, denotes the standard infinity norm. Suppose, now, ) . .
thatb has radius of suppot®;, and+ has a radius of support The shift and truncation properties from [10] hold for these op-

Ry. Theniitis simple to show through geometric arguments afgAOrs, With minor changes due to notation. We will restate
algebraic simplification, that the integrand of (9) vanishes fépem without proof.

all k,m,n, z satisfying Property 2 (Shift Property oBp):
w7 — Tk 410, )| = B 4+ Ro. (10) MsBpg.(z) = BpMs g.(x) (15)
’ T whereéd), . = 8- W .
Thus, for a givenM, the projection sample(k,m,n) is not  Property 3 (Shift Property of):
used in (9) for any if and only if ZsSf.(2z) = SMsf.(2) (16)

: for & € 73.
mn |wyn-z2—Tk+ 70| > R+ Rs. 11 )
llzll oo </2 fwm, ( ) . 2 (D Property 4 (Shift Property of):

We can simplify (11) by settling for a looser, sufficient con- MsZIog(r,m,n) = I<T+5/T>Z_[T+5/T19(7} m,n)  (17)

dition on k, by applying the inequalitys — [ > [la| — [b[[ 10 where [z]; ; is z;, rounded to the the nearest integer and
yield the condition S
O et The mab for Property 4 is the motivation behind
emark: The need for Property 4 is the motivation behin
Ry + Ry + MV3/2 (12) theintroduction of into (6), and thus intB7, . If we assumed
T that all of the projections were radially sampled at the same ra-
or, by an application of the triangle inequality and the fact th&fal locations, so that effectively = 0, then continuous shifts of
[Tmm| < (1/2) _the projections that are not _exact mtege_rs cannot b_e r(_apres_ented
in terms of exact manipulations of the discrete projections (i.e.,
Ri+Ry+MV3/2 1 in general radial shifts and, do not commute). However, by
T + 3 (13) adding the additional degrees of freedom representedtiese
operations do commute. Furthermore, Property 4 is necessary
Hence, we define a radial truncation operatlf,, : forthe construction of the slow hierarchical decomposition (see
PPy eP*P(Z) which keeps only those pointsTheorem 1 below, and the proof in Appendix A).
that satisfy one of (11), (12) or (13). For simplicity we will use With the properties, the following decomposition can be con-
(13) in the definition structed.
Theorem 1:ForN =2 K€ 7,K > 1

|k + 7_rn,n| Z

|k =

Karg(k,m,n) = {g(k,m,n), b < RbRatMSr2 1 : =
0, else PN = Z Z(sz-Bﬁlf;f,/QK,\r/QZ_[,,z_1 (18)

here(v;)m,n = Tm,n:— 8; - wn, ,, and

[ N/47_N/47 _N/4]T 02 = [_N/47_N/47N/4]T
[ N/47N/47 _N/4]T 6, = [_N/47N/47N/4]T
[

[

The following property is a direct consequence of our con.
struction of K.
Property 1 (Truncation oB p » Input):

&
T T ? 63
ry =Bk D 6, = [N/4, N4, -N/A" 85 = [N/4,~N/4, N/4]"

We also need four shifting operators. The first is a discretdr = [V/4, N/4,—N/4" & = [N/4, N/4, N/4"  (19)

object shiftetZs : £,(2°) — £,(2?), for § € 7°, definedby  for ¥ > 4, and

Zsf(z) = f(z — 6). & =[1,1,1]" b =[11,0"
63 = [17 07 1]T 64 = [17 07 O]T
The second is a continuous object shiftets : Ly(R*) — 65 =1[0,1,11T 66 =[0,1,0]"
3 3 ] ] P
Lo(R?), for § € R, defined by 8. =[0,0,1]F & = [0,0,0] (20)

Msf(x) = fo(z—6). for N = 2.
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I l I
SHIFT AND TRUNCATE: KynzZ| SHIFT AND TRUNCATE: KnpZ(
4P P N2
BACKPROJECT: B ppp BACKPROJECT: B p
- N2 N2 NP2 e o o
SHIFT: Z | SHIFT: Z ,
+ N NN
N N N

Fig. 2. Diagram of the decomposition of Theorem 1.

The proof of this theorem is given in Appendix A. [ll. FAST HIERARCHICAL BACKPROJECTION

The interpretation of Theorem 1 as a procedure for backpr®- Sampling the 3-D Radon Transform

o 5 3 i
jecting P~ projections onto av* volume is as follows. To construct the fast algorithm, we note that in the decompo-

1) Exact Subdivision:Subdivide the projection data intosition of Theorem 1, the backprojections of the octants are of the
eight sets, one for each octant of the original recoformBp,n/» of P projections ontaV/2x N/2x N/2 volumes,

struction, by computing} = Ky/2Z_p.9(z). This While the original backprojection waBp, v, i.e.,P’* projections
corresponds to a discrete radial shifting, and truncati@to N x NV x N volumes. A similar situation occurs in the 2-D
operation. case. There, the backprojectionfoprojections onto afv x N

2) Backprojection:Backproject theP? projections in each image is decomposed into a sum of four backprojections of

4. to form f;, the ith octant of the reconstruction (Sizeprojections ontaV/2 x N/2 sized images, each centered at the
(;V/z)g) cen,tered at the origin origin. Next, we recall the sampling result of [11], which states
3) Aggre a;tion'Shift and add tge 'ei ht octants to form théhat the number of angular samples needed to characterize the
f ggl 9 t. " | 9 fadon transform is proportional to the linear size of the image.
inal reconstruction volume. Using this result, we argued in [10] that the sinograms could be
The process is exact, i.e., no approximations are involved angularly decimated by a factor of two prior to backprojection.
the construction of the decomposition. Furthermore, the procesd © make a similar argument in the 3-D case, we require a re-
can be applied recursively to the backprojections of the octantglt analagous to the sampling result of [11]. In particular, we
a point we will return to later. The decomposition for a singlE8auire a “scaling rule” that states that the angular sampling
application of Theorem 1 is illustrated in Fig. 2. interval A¢ = A# = 2x/P is inversely proportional to the
jize of the object. Some recent work has established the spec-

To determine the complexity requirements of computin
By via Theorem 1, let ZS agsun?e that direct compEtatiRﬂal support of the radon transform, providin_g a “bow-tie” like
usiﬁg Eq. (9) requirés a total of, P2N? operations. Then result for the 3-D problem [12], [13]. Sampling results for es-
i . ' . sentially bandlimited functions have also been available in [1].
the subdivision step (Step 1) requires, for the nonzero IoO”?FuSAppendix B, we use these sampling results to derive the re-
of gi, CQPQN/f operations for eaclz.l € {L2....8}, fqr a quired scaling rule: that the angular sampling interval for the
total of de; P°N. By our assumption, each backprojectiongnaranle sampling pattern is inversely proportional to the ob-
step (Step 2) reqU|re@P_2(N/2)3 operations per octant, for ject radius. Also, note that the scaling rule is significantly more
a total of c; P2N? operations. The aggregation step (Step 3eneral. The total number of projections required depends on
requirescz N* operations. The total operation count is thughe object radius, regardless of the sampling pattern (provided
¢t P?N?® + 4¢, PPN + csN®. The exact hierarchical decom-it satisfies certain technical conditions). Thus, for a fixed object
position of Theorem 1 leads to a slo@(V?) algorithm, as bandwidth, the sampling intervals are inversely proportional to
claimed. However, it is the basis of the fast algorithm we withe object size, and hende = O(N) samples are sufficient to
develop in the next section. characterize the 3-D radon transform aWasized volume.
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B. Single Stage Combiningg, D, andZ, we arrive at the following definition

. oPxP Pr/2xr/2
Using P = O(N), it follows that, because the backprojec-Of 0:6,7(2) = £ ()

tions of the octants in Theorem 1 have the fd8m ., the cor-

responding projections can be angularly decimated by a factor

of four (a factor of two ing and a factor of two irf) prior to  \yhereO is defined by

backprojection, introducing only a small error. Hence, to con-

struct the fast algorithm, we will replace the operaB, 2 Og(k,m,n) = Z Z p(i,7) ZQ[J} (2m — i) mod P,

inTheorem 1byB7, , ,,0, whereQ is an angular smoothing P 7

and downsampling operator. It maps a sePéfadially discrete (2n — j) mod P|-9((k — 1+ Tom 2n — T2m—i2n—;)T). (23)

plane integral projections to a Sg/2)? radially discrete pro-

jections. Thusinternally, B?’/2,N/2O will have additional steps The express_ion simplifies further in the sp_ecial case phata

not appearing in the fours-step definition B,  ,, although 3 x 3 smoothing kernel, so that the summation only extends over

functionallyit will be equivalentto it (to a good approximation).z, 7 € {—1,0,1}. In this case thenod P operation is inactive,

Note that the argument about angular sampling (and decin@@d can be dropped.

tion) of the 3-D radon transform applies to the radially contin- In interpreting the algorithm, it is important to note the role

uous rather than radially discrete data. Therefore, the angu¥éihe smoothing step in the decimation opergbotn addition

decimation step must be “sandwiched” between radial intergie-preventing aliasing in the downsampling step, it also ensures

lation and resampling steps. Thus, we const@icising the fol- thatinformation from all the projections is retained in those kept

lowing sequence of steps. after downsampling. Otherwise, the performance of the algo-

1) The radially discrete projectiong, m,n) are interpo- rith_m i_n the presence of_ noise could suffer. Ir_1dee_d, the ideal

lated to radially continuous projections(r, m,n) with anti-aliasing smoothing filter for a factor 2 decimation in each
0<mn<P. coordinate is an ideal 2-D low-pass filter with cutoffs at radian

2) The radially continuous projections are angularly dedrequencies ofr /2. Assuming that the projections are corrupted
mated by a factor of two with respect to batrandé to with white noise, the noise variance in each projection after dec-

Og(k,m,n) = G DI gk, m,n)

form g’.(r,m, n) With 0 < m,n < (P/2). imation is reduced by a factor e /(7 /2)? = 4. Because the
3) The rédiéll)/’ CONtINUOUS pr’ojectiory:‘}(r m,n) are re- number of projections has been reduced by the same factor, the
sampled for input tdB /2.y 2. T signal to noise ratio is not affected.

The first step is accomplished, just as in the construction of 10 demonstrate howd is incorporated into the hierarchical
B, . by Z,.. For the second step, we define an angular dedecomposition of the backprojection, we first recall the decom-

Lo L iti f Th 1
imation operatorD : LY*P(R) — LY/*T/2(R), which is position of Theorem

a convolutional angular smoothing followed by angular down- 8 . .
sampling. The angular smoothing is given by B% nva(2) = Z Zaz.B%K,/QKN/QZ_[,,{]g(z). (24)
=1
de(romun) =" pli, )gelr, (m — i) We now make the approximation
(]
mod P, (n — j) mod P] m,n€{0,...,P—1} (21) B, ~ By .0 (25)

where the functiorp is the smoothing kernel that reduces thgvherg fors € R7X, 5| 2 € RY/21/2 ISz QOwnsampled by
aliasing errors in the angular decimation step, ancutbe P WO, I-€,(% | 2)p.4 = Z2p41,2441. Substituting (25) into (24)
accounts for th@r periodicity of g. with respect to the spher- yields

ical angles. The summation ovieand; extends over the support 8

of p. :Angular downsampling retai_ns o_nIy the even—?ndex_ed sam- BT, y ~ Z Zs, Bﬁglﬁr/QOKN/gz_w.

plesg.(r, 2m,2n), so that the decimation operator is defined by im1 ’

One final application of Property 1 yields

Dgc(Tv m, 7‘L) = Z Z p(ivj)gc [7‘7 (2m - L)

8
- <Vi>l2 ~ ~ ~
P BP,]\T ~ E Z&.B 7 K]\I/QOK]\T/QZ,[ 7.]. (26)
mod P, (2n — i) mod P] m,n € {0, g T 1} . (22) i1 PI2NI2 g

. _ . . _ Defining the operatoA’,  : £5*"(z) — 65/**7/*(z) as
The final step, which converts the radially continuous projec- ’

f[ions back to radially o_liscrete projec'Fions for inp_uB.@,/ZN/Q, . A?,N - KN/QOKN/QZ—[W}
is accomplished by simply resampling the projections radially

using aresampling operat@r: L/**7/2(R) — ¢]/2*7/2(7),  the decomposition is compactly rewritten as
defined by

8
Bhy~S Zs BYi22 Al 27)
Grgelkym,n) = go((k + Tom,2n) Ty, ). i ; PN
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ANGULAR DECIMATION: A [ ANGULAR DECIMATION: A %)N

—+ P2 P2 N2

BACKPROJECT: B P/2,N/2 BACKPROJECT: B P/2,N/2
— N/2 N/2 N/2 [ o ®
SHIFT: Z | SHIFT: Z ,
4+ N N N
N N N

Fig. 3. Diagram of the decomposition of (26).

The decomposition of (26) can be described as the followirg four in computation. To realize th&?/ log, N speedup, we
sequence of steps. must apply (26) in a recursive manner, i.e., replace the backpro-
1) Approximate SubdivisiorSubdivide the projection datajections in Step 2 with (26). Equivalently, we define a fast back-
into eight sets, one for each octant of the original ré2rojection operatorin arecursive manner with the following pair
construction, by computing, = A;g. This corresponds of equations
to discrete radial shifting, truncation, radial interpolation

8
and resampling, angular smoothing and downsampling. 37— B2 A
2) BackprojectionBackprojectP? /4 projections contained B ; Zo. B2y
in eachy! to form f;, the reconstruction of thih octant. B — B~ (28)
3) Aggregation:Shift f; to the appropriate octant of the final mt P
reconstruction, and add into place. Fig. 4 shows the application of (28) for the ca¥e= 4.

This sequence is diagrammed in Fig. 3. Comparison with Fig. 2To determine the computational cost associated with (28), we
reveals the addition of the angular resampling steps, which fogasume that the backprojecti®y; of P = O(N) projec-
the basis of the approximation. tions into a single voxel, requires constant timge The cost of

To determine the computational cost of using (26) to cont€ algorithm is then dominated by the computatiomgfand
puteBT, , we make the same assumption as we did in the prés; at €ach level of the deco_mpogsmon. Again, assuming that
vious section, i.e., tha, g requires:y P> N? operations. The £ = O(IV), these steps requirg IV;; operations, wheréVy is
approximate subdivision step (Step 1) requitg?/2)2(N/2) the size of an octant at thgh level in the decomposition. Now,
operations per octant, whetrg depends on the choice pfand there will be a total og* octants at levet in the decomposition,

1 . k .

¢ in (23), as well as the choice of (11), (12) or (13) in the defach of S|zeN/2_ . Thus, the totalkppera"ilc;n count ger level of
inition of K,;. We arrive at this figure by noting that?, g € reconstruction is a constans (N/2%)° = ccN* opera-
is nonzero forO(P2N/8) points, and that each point (Withint'ons'_ The_re are a totalz)’d):ﬁg2 N levels, sc3> the total cost of the
indexing), requires a constant number of operations for a ﬁxgéglor(ljthm_ IS IS'mplyfﬁf.V kc)ng N (? Ot(fN t10g2 N). wherecg
choice of algorithm parameters, ¢/, b, T, etc.). Thus, the total Includes implementation-dependent factors.

. The storage requirements of the fast algorithm can also be
cost for Step 1 for all octantsis P2 N . The cost of the backpro- . ;
jections (St%p 2) s, (P/2)2(N/2)® operations per octantpfor computed. The FBP algorithm requir®s space to store the re-

a total ofc; P2N3/4. Finally, the cost of the aggregation ste;?crgnlset:::ga?;i\é?]lL:)Tfhznfi; Salln%Iﬁtﬁ:??gtlSir::esA/%@lgsht;%révard
(Step 3) is stille; N2 operations. The total cost for (26) is thus b 9 q pace,

> A 9 3 ; as the reconstruction volume computations can be done in place
(c)??od\rfs/ t;_ dZ4P0\i\e7r—iE96)3f](\)fr lgrpera;ons, for roughly a factor (thereby eliminating the need to explicitly shift the octants and
P P ¥, . add them back in place), and the projection data manipulations

i require at most5/7N?® space. To explain this last fact, note that
C. Recursive Form

. . SThis type of recursive definition occurs frequently in signal processing ap-
The savings from the use of (26) for a single stage of the dgrations, and is one way to approach the construction of the fast Fourier trans-

composition as described in the previous subsection, is a fadtom (see, [14]).
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Fig. 4. Diagram of the computation B;N for N =4 andP = 8.

the original projection data requiréé® space. For the decom-means of the interpolation kernel. Thus, we define a radial
position, space is required to store the projection data for an apsample-by-C operatdy : EPXP( ) Eé’xp(z) by

tant (i.e. KZg) This is at mostV?/8. Due to the recursion, an
additional( N/2*)? space will be required at each level of the re-
cursion, but all computations at a given level can be done using
the same space (in the form of a stack). Thus, the total space
requirements in terms of the projection data are at most/Xfor
approaching infinity)V3(141/8+1/64+---) = 8/7N3. Thus,

in principle, the fast algorithm requires only slightly more spacé
than a straightforward FBP algorithm.

Ug(k,m,n) = Zg(l,m,n)z/)(kT/C —1T).

The radial upsampling is performed prior to calling the fast re-

constructlon algorithm, witi" replaced byr’/C'. Although our

complexity analysis ignored the exact influenc&an the cost,

its trivial to show that the cost of the algorithm increases linearly

with C. The space requirements also increase linearty.in

D. Upsampling For angular upsampling, however, we take a different ap-

proach. If we simply angularly upsample the data by factor

While the recursive application of (26) leads to arn both the¢ and@ directions, the storage requirements of the

O(N3log, N) algorithm, it has been our experience iralgorithmincreasquadraticallyin C. Thus, if we wish to angu-

2-D that artificially increasing the radial and angular samplinigrly upsample by a factor @' = 4 in each direction, the space

rates improves the accuracy of the reconstruction, at the ctaguirements increase by a factorl@f. This is inefficient, in

of a higher operation count. Following our approach in [10]ight of the following, more elegant approach.

we propose to increase the radial sampling rate by simplyTo achieve angular upsampling, let us recall Theorem 1.

resampling the projections with a higher sampling rate Byhere, a backprojection of aN® object usingP? projections
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Fig. 5. A simplified diagram of the recursive decomposition when one stages of Theorem 1 is used prior to decomposing via (27).

was decomposed into 8 backprojections &f/8 objects recursive fast algorithm, then the dominant term in the total
using the same number of projections. Hence, these smattest isO(49 P2 N log, N) = O(49N®log, N). Of course for
backprojections are effectively angularly upsampled by a factér fixed, the factor of4< is negligible asN becomes large.
of 2 with respect to botlp andé. By applying Theorem 1 for a Note that4< is the same complexity factor incurred by simply
total of @ times, we decomposB p - into 89 backprojections, upsampling the data prior to invoking the algorithm.
each of the formBp /2¢. Thus, we can increase the angular There is a degree of flexibility in terms of the ordering of
sampling rate byC = 2@ with respect to botlp andé. Fig. 5 the various stages of the decomposition. For example, we have
illustrates this process fd¥ = 4 when Theorem 1 is used oncedescribed (and implemented) the scheme in widichpplica-
and (27) is used for the remaining subdivisions. Comparinigns of Theorem 1 are followed byg, N — @ applications of
Figs. 5 and 4, we see that the number of projections used(26). But the ordering of the steps is arbitrary. Further research
the single voxel backprojections has increased fourfold byi@necessary to determine the optimal placement oftlexact
single application of Theorem 1. Furthermore, an analysis décompositions among theg, /N stages.
the space requirements reveals that the space requirements
remain15/7N3. So in terms of space requirements, this is a
very efficient way of boosting the angular sampling rate. A
flowchart of the algorithm is given in Fig. 6. In this section, we present some simulation studies that we
Of course, the cost requirements increase dramatically whiave performed on our fast backprojection algorithm, using the
Q). For Q small, relative toN, the operations in Theorem 1Shepp-Logan 3-D head phantom [8]. To use our fast backprojec-
are negligible, and the dominating cost is the evaluation tbn algorithm for reconstruction, it is first necessary to radially
8@ backprojections, each aP? projections onto(N/2%@)? filter the projections with an approximate second-order deriva-
volumes. If these backprojections are performed using thiee kernel. We have used the standard second order difference

IV. SIMULATIONS
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Function: f = 3DFHBP(g, N, P,Q)
f - output reconstructed volume

g - input radially filtered Radon transform data
N - size of output volume

P - size of input data (P x P x N)
Q@ - Number of times to apply Theorem 1

YES

Y

NO

Is N > 17

Y

YES .
Compute single-voxel backprojection
= 3DBP{g, N, P
NO f (g )

Y

Use exact subdivision
(Theorem 1) to decompose

g into g1,92,.-.,98 _ _
by computing g; = KZg

( . o e
Use approximate subdivision

to decompose ¢ into g1,... ,gs
\_by computing g; = Ag

1

Compute octant reconstructions
using 3DFHBP (recursively)

fi: 3DFHBP glyN/Qa P?Q — 1)

Y

Combinéa shifted octants together
f = Zi:l Zfl

1

‘ Return f I

subscripts have been suppressed for readability.

Y

(Compute octant reconstructions A
using 3DFHBP (recursively)
kﬁ = 3DFHBP(g:, N/2, P/2,Q) )

!

| F=Y0. 20

p
Combine shifted octants togethep

_J

1

Fig. 6. Aflow chart of the proposed fast 3-D backprojection algorithm. The roytise3D B P(g, N, P) is a single-voxel backprojection routine. The operator

TABLE |
PARAMETERS USED IN THE 3-D-FHBPAND FBP-BASED RECONSTRUCTIONS

R Tt el !'.1|"H.I|:.III.: Value sed
d | Filter in FBF 1 2-1]
N Volume sie i
P Mumber of projections in ench spherical direction | i}
T Radial snmpling interval | 0.5
(] | Mumber of times Thearem 1 was applied | 2
i) | Vaolome ssmpling [unction | Indicator for ||z < 4

[26 .5 B

o Crsoothing fifter for angular downsampling I & 1 .b

P
[ Radinl npsampling factor |

kernel, as described in [6]. Synthetic plane-integral projectioasz = —0.125, the middle slice is in thex plane withy = 0.25,
were computed foP = 256, and the reconstruction volume wasind the bottom image is in the: plane withz = 0. The center
size N = 256. The detector spacing was setlto= 0.5. The column consists of the same slices from the FBP reconstruction.
choices for the various parameters are summarized in Table The rightmost column consists of slices from the reconstruction
In Fig. 7, a montage of slices from the original phantommethod proposed in this paper. The algorithm was run with a
the FBP reconstruction and the 3-D-FHBP reconstruction aw@dial oversampling factor of 2, ang = 2 levels of the exact
shown. The left hand column of Fig. 7 contains slices from thdeecomposition. For all images, the grayscale display was set to
Shepp-Logan 3-D head phantom. The top slice is inthplane the rang€1, 1.04] to show the small features of the phantom.
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29
00|10
91010

Fig. 7. A montage of slices through the phantom (lefthand column), FBP reconstruction (center column) and 3-D-FHBP recosntruction (rightleeltopn). T
row is anzz slice through the reconstructions, the middle row ig:aslice, and the bottom row is@y slice. The 3-D-FHBP reconstruction algorithm was 200
times fast than the FBP in this instance.

In Fig. 8, plots of rows and columns of these images are shotire 3-D-FHBP reconstructions took 15 hours on a single CPU
for comparison. The top plot is through column 160 of all threef this machine. We expect the speedups to become more sig-
xy images. The middle plot is through row 206 of all three nificant for progressively larger reconstruction volumes.
images, and the bottom plot is through column 96 of all three To provide a more quantitative comparison of the 3-D-FHBP
images. Note that both the FBP and the 3-D-FHBP reconstrsid FBP reconstructions, we computed point spread functions
tions accurately recover the small details present, including tfleSFs) for both algorithms using the same parameters as above.
sharp edges. Fig. 9 depicts PSFthe spherically averaged PSF for a point at
Based on run times for these simulations, we estimate thhé isocenter. Note that even though the test point was at the
a complete FBP reconstruction of the 35®lume would take isocenter, this is not a special point for the FHBP algorithm. In
approximately 3000 hours on a single central processin unihe process of performing the backprojection, the octant con-
(CPU) from an SGI Origin 2000. With the stated parametergining the isocenter is repeatedly shifted so that the center of

L . ) , ) ) that octant is properly centered. As a result, the sinogram un-
6This figure is an estimate for two reasons. First, our implementation was

parallel implementation. Second, we only reconstructed the specific slicescgrgoeS significant shifting and nont”V"’_"I angula_r_demma_tlons.
the FBP reconstruction of interest, instead of the entire volume. The good match between the psfs provides additional evidence
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Fig. 8. Cuts through rows and columns of the images in Fig. 7. (a) column 160 of the top row of images in Fig. 7. (b) row 220 of the middle row of images in
Fig. 7. (c) row 186 of the bottom row of images in Fig. 7. In each plot, the dotted line represents the phantom, the broken line the FBP reconstthet®ulijcand
line the 3-D-FHBP-based reconstruction.

that the FHBP algorithm provides high-quality reconstructions 1 —
with a significant speedup over direct reconstruction. 0.0k \ —« Hierarchical BP
0.8r \\ 1
V. CONCLUSION \
0.7¢ \ 1
We have demonstrated a novel 3-D backprojection algorithm \\
with O(~NV31log, N) cost that uses a hierarchical, recursive de-  *°| \\' |
composition of the backprojection operation to achieve signif- 05f \ 1
icant speedups over direct computations. Experiments with a ¢4/ \ * |
head phantom show good performance, orders of magnitude o3l \ |
faster than the direct FBP. The algorithm may be used to obtain \
an O(N?3log, N) reconstruction algorithm for cone-beam to- 22| \\ 0
mogrphy, by combining it with a fast hierarchical 2-D reprojec- 0.1} 1
tion algorithm [15] to compute the 2-D radon transforms arising 0 i

in a a Granget or Smith transformation from cone-beam to 3-D 0 0.5 1 1.5 2 2.5 3

radon data. Future research will address the evaluation of the re-

Su“.'ng Con?'beam algorithm, as well as the issue of direct COH?@. 9. A comparison of PSF for the FHBP and FBP algorithms for the
parisons with the methods of [6]-[8]. isocenter point. The PSFs were spherically averaged to produce these plots.
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APPENDIX A
PROOF OFTHEOREM 1

Proof: For f = Bp ng

8

F=Y ZsKnpZ s f
=1
8

= Z Zs;Knj2Z_5.Bpng

=1

8
= 75 Kn2Z_5 KnSBrLeg

=1

8
= ZsKn2SM_4,BpIrg Property 3
=1
8

= Z Z&-KN/QSBPM—&ITQ
=1
8 A
= Z Zs, K n/2SBpLypyZ_py 9 Property 2and 4

=1

8
= ZzéiBP,N/QZ—[vi]g

i=1

8
= Z ZsBp n;2Kn/2Z )9 Property 1

=1

Where(6’i)j =6, - w;.

APPENDIX B
SAMPLING THE 3-D RADON TRANSFORM

In this appendix, we consider the problem of sampling the

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 21, NO. 2, FEBRUARY 2002

separable sampling pattern withe + 1)? directions defined by
A¢ = A8 = 7 /(m + 1), it can be shown that the resulting
setA,, is m resolving. Condition 2) provides the scaling rule.
To see how, lef be an essentially bandlimited function of unit
bandwidth, with radiusk. If we let f'(z) = f(z/R), then f’

is an essentially bandlimited function of bandwidttwith unit
radius. Furthermore, if,(s) is a plane-integral projection ¢f
atdirection(fy, ¢ ), then by rescaling we can recovgl(s), the
plane-integral projection of in the same direction. Thus, if we
can recoveyf’ from its projectiongy;, (s), then we can recovef
from from its projectiongy(s). The scaling rule is completed
by applying condition 2), so thak > R is sufficient to guar-
antee recovery of botli and f/.
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